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In bistable systems, the stability of front structures often influences the dynamics of extended patterns. We
show how the combined effect of an instability to curvature modulations and proximity to a pitchfork front
bifurcation leads to spontaneous nucleation of spiral waves along the front. This effect is demonstrated by
direct simulations of a FitzHugh-Nagumo (FHN) model and by simulations of order parameter equations
for the front velocity and curvature. Spontaneous spiral-wave nucleation often results in a state of spatio-
temporal disorder involving repeated events of spiral wave nucleation, domain splitting and spiral wave
annihilation.

. INTRODUCTION II. THE NIB FRONT BIFURCATION AND SPONTANEOUS
FRONT REVERSALS

Spatio-temporal disorder is a ubiquitous phenomenon in ex-
tended nonequilibrium systems yet the mechanisms respon- The key to understanding the disorder associated with front
sible for it are only partially explored. A generic mecha- structures is a pitchfork bifurcation in the velocity of a propa-
nism for the onset of disorder iperiodic patternsconsists gating front. The front bifurcation is represented by the equa-
of phase instabilities followed by the formation of phase sin-tion
gularities which appear as dislocation defects or vortices [1].
This mechanism has been observed in numerical simulations C*— (A= NC =0, (1)
of the complex Ginzburg-Landau equation [2, 3], and in ex- , . i
periments, e.g. electro-convection in liquid crystals [4]. AWhereC'is the velocity of a flat front and is a control pa-
considerable effort has been devoted to elucidating the natuf@meter. The corresponding bifurcation diagram is shown in
of the transition from the regular phase regime to the regimé&i9: 2. A stationary front(’ = 0) becomes unstable below a
where vortices or defects spontaneously appear [5-9]. Oth&fitical parameter valuey = A.. At that point two new sta-
mechanisms involving instabilities of periodic patterns, leadP!€ front solutions appear, representing an up state invading
ing to spiral breakup, have been reported recently [10-13]. & down state( > 0) and a down state invading an up state

In this article we present a mechanism for the onset ofC < 0). Hereafter, we refertq these front solutions as to “UD
spatio-temporal disorder associated viitmt structures This ~ front” and “DU front”, respectively. , ,
type of disorder is illustrated by a numerical solution of  This type of front bifurcation has been derived for period-
a bistable FitzHugh Nagumo (FHN) type reaction-diffusion ically forced oscillatory systems [16] and for_ bistable FHI\_I
system (Fig. 1). An almost flat front, connecting the two stabldYP€ models [17-19]. Experimental observations of front bi-
uniform stationary states, begins traveling through the systenfurcations, or supporting evidence for their existence, have
The front represents an “up” state (black) invading a “down”P€en reported in Refs. [20, 21] for liquid crystals, and in
state (white). Initial nonuniform perturbations of the front po- R€fs. [22, 23] for chemical reactions. The stationary and
sition grow into wiggles which nucleate pairs of spiral wavesCoUNter-propagating fronts are sometimes referred to as Ising
(see the Appendix for a different view of the middle frame and BIo_gh fronts,. respectively, and_ the b_|furcat|on itself as a
in Fig. 1). The solution then evolves into a disordered statd°nequilibrium Ising-Bloch (NIB) bifurcation [16, 18].
with repeated events of domain splitting and spiral-wave nu- Physmgl realizations of front b!furcatlons usually involve
cleation and annihilation. Similar phenomena have been of€rturbations that unfold the pitchfork form of Eq. (1)
served in experiments on the ferrocyanide-iodate-sulfite (FISJ'© [24]

reaction [14, 15]. C3 — (A= NC 411 + 102 =0, @)

An asymmetry between the up and down states is an example
of such a perturbation. In the following we confine ourselves
to the case, = 0. A plot of the surface (2) in the space



FIG. 1: The evolution of an unstable front solution connecting the up state (black) to the down state (white) in a bist:
FHN reaction-diffusion system. The frames, from left to right, represent the pattern solution at successive moments in-
Perturbations on the flat traveling front grow and nucleate spiral pairs along the front line (see the Appendix for a diffe
view of the middle frame). The resulting disordered state is characterized by domain splitting and spiral-wave nucleatior
annihilation.
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FIG. 2: The pitchfork front bifurcation. AA = A, the sta- FIG. 4: Normal front velocityC,, vs curvaturex in the vicin-
tionary (C = 0) front solution becomes unstable to a pair of ity of the front bifurcation. The development of small negative
counterpropagating traveling fronts. curvature may induce a transition from a UD froat,(> 0)

to a DU front C,, < 0).

spanned by, A andv; is shown in Fig. 3. The significance
of small variations of/; in the vicinity of the pitchfork bifur-  platinum surfaces have indeed been observed for parametel
cation point,A = X, v; = 0, is now evident: perturbations in the vicinity a front bifurcation [22]. Experimental obser-
may induce transitions between the upper and lower sheetstions of front reversals induced by boundaries have beer
and reverse the direction of front propagation. Notice that farreported in [23].
ther from the bifurcation point the variations of must be Imagine now a flat UD front that is unstable to transverse
larger in order to induce front reversal. perturbations (i.e. an instability to curvature perturbations).
The dynamics of a single flat front may also be changed byAs the front propagates, alternating segments along the fron
slow dynamical processes such as an approach to a boundaggquire negative and positive curvatures. For parameters the
an interaction with another front, or development of curva-place the system near the the front bifurcation, where Fig. 4
ture. Figure 4 shows a typical graph of the normal velocityapplies, segments with negative curvature will eventually re-
of a front, C,,, versus its curvatures, for fixed A near the verse propagation direction. Such local front reversals involve
front bifurcation. The figure was obtained using a singularthe creation of transition zones between the counterpropagat
perturbation analysis of an FHN model, assuming slow curing UD and DU fronts. These zones form the coremtdting
vature dynamics with respect to the time scale of front re-spiral waves
versal [25]. The hysteretic shape, similar to the grapld'of The scenario sketched above provides a heuristic explana
versusv; for fixed \ (see Fig. 3), suggests that front reversalstion for the spontaneous nucleation of spiral waves in Fig. 1
can be induced by small curvature perturbations. Since curvarhich precedes the onset of spatio-temporal disorder. Similat
ture is an intrinsic dynamical variable, reversals of propagaarguments hold for other intrinsic perturbations such as front
tion direction occur spontaneously as the curvature of a froninteractions. Indeed Fig. 1 includes many events where lo-
changes. Spontaneous front reversals in catalytic reactions @al front reversals are induced by the interactions between ap
proaching domains. An example of such an event is shown in



FIG. 3: Top: The surfac€? — (\. — \)C +v, = 0inthe space spanned oy \, v, (the cusp catastrophe). First triad: A section
atv;, = 0 showing the pitchfork bifurcation (center), and sectiong,at 0 (left) andw;, > 0 (right) showing unfoldings of the
pitchfork. Second triad: Sections of the surface at constasfiowing the hysteresis point (center) with single valued (left) and
multivalued (right) relations away from the hysteresis point.

Fig. 5. Similar processes have been observed in experimentise front position X, and velocity are
(Fig. 6) on the FIS reaction [14, 15]. .
X=C, 3)

C = (a.—a)C —BC3.
. THE DYNAMICS OF FRONT REVERSALS . .
These uncoupled equations describe the convergence to con-
stant speed motion Ising (zero speed) and Bloch fronts. Order

P 9 ; P . ” sion near a NIB bifurcation have also been derived in Ref. [28]
events become feasible when a single valued relation becom

. . . o study the effects of external fixed heterogeneities.
&ﬂ:%ﬁlﬂﬁ%r(r?\;ggitisgsz. thseuﬁ:&ilﬁ'ggs Sgcggé’ i?soevl\;ev?rg The effect of curvature is to couple the two equations in
studv the nucleation brocess a time-de eﬁdent a roa.ch & way that allows for front reversal. The equations for the

y ation p P nt app aynamics of a single two-dimensional front with smooth cur-
the front dynamics is needed. Near the bifurcation, the asymp-

. ; . vature,x, are [29]
totic front dynamics are governed by both a translational de-
gree of freedom and an order parameter associated with the Ok , O ok [* /
bifurcation: the front velocity”. In Refs. [26, 27] we derived — = (k" + 55)Ch — 5= | £Cuds’, (4)
. . : i ot s s Jo

asymptotic dynamic equations for a single unperturbed one-

dimensional front using FHN type models. The equations for
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FIG. 5: A closer look at front interactions in the numerical solution of the FHN model from Fig. 1. The repulsive interacti
between approaching fronts causes them to reverse direction. The reversal is followed by domain splitting.

Nl e |
=40, [re 49 E:’:
9 .

FIG. 6: Patterns in the Ferrocyanide-lodate-Sulfite reaction show interactions leading to front reversals followed by dol
splittings. These images are from experiments performed in the Center for Nonlinear Dynamics at the University of Tex:
Austin.
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and UD front propagating at constant speed. Crossing the trans
2
oC 92C verse instability boundary causes perturbations on the front
— = (e —a)C = BC3 +yr + 0 + 5 to grow. Near the NIB bifurcation, the growing curvature trig-
ot s s gers the “nucleation” of a front segment with opposite velocity
_oc kCyds’ (5) asshowninFig. 8. The front structures in tfies plane, sep-
9s Jo arating segments with positive and negative velocities, pertain

whereC,,, the normal front velocity, is given by to spiral waves in the physical two-dimensional plane.

C,=C- Dk, (6)
IV. CONCLUSION

ands is the arclength coordinate along the front. In deriving
these equations an asymmetry between the up and down statesVe have presented a new mechanism for spontaneou:
has been introduced. Equation (4), for the curvature of thapiral-wave nucleation in bistable media that leads to spatio-
front, follows from purely geometric considerations [30, 31]. temporal disorder. Unlike most other mechanisms which in-
Equation (5), for the speed of the front, is valid near the frontvolve destabilization of periodic patterns (see however [32,
bifurcation and the boundary of instability to transverse per-33]), this mechanism involves destabilization fadnts and
turbations [25, 29]. The integral term in both equations repremay induce spatio-temporal disorder from a single front state.
sents “advection” of changes @ andx from the stretching The dynamical equations, (4) and (5), for the front speed and
of the arclength over time. Note that away from the front bi-curvature, describe the asymptotic behavior of fronts near the
furcation where the time scale associated with front reversafront bifurcation and the transverse instabilities. These equa-
(a. —a)~1, is short,C is no longer a slow variable and can tions capture the process of spiral-wave nucleation and car
be eliminated adiabatically. For a circular front, equation (5)be used to analyze the transition from the stable curvature
then reduces to an algebraic relation between the normal fromlynamics shown in Fig. 7 to dynamics involving nucleation
velocity and its curvature such as the one in Fig. 4. events shown in Fig. 8. It would be interesting to find if an

We have computed numerical solutions of Egs. (4) and (5)ntermediate parameter range exists where the curvature fluc
starting with an almost flat UD front as an initial condition. tuates but no nucleation events occur.
Figure 7 pertains to parameter values in the Bloch regime
where the UD and DU fronts coexist and are both stable to
transverse perturbations. The initial front converges to a flat
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FIG. 7: A solution to equations (4) and (5) when the two-dimensional front is stable to transverse perturbations. The frames

in the top row show the time evolution @f(s) (thin line) andx(s) (thick line). The solution converges to a constant speed

flat (= = 0) traveling front. The frames in the bottom row display the corresponding dynamics of the front in the physical

two-dimensional plane.

APPENDIX
256
The model used to demonstrate the nucleation of spiral-
vortices in Fig. 1 is a doubly-diffusive version of the
FitzHugh-Nagumo Equations
U = 671(’114 — ’LL3 - 'U) + (571sz )
Vg =U— Q10 — Qg + Vgyp - Y 128- -

The parameters, anda; are chosen such that the equations
have two stable uniform solutions (bistable) arahdd con-
trol the type and stability of front solutions between those two
stable states.

Figure 9 shows a closeup of the middle frame in Fig. 1. The 0
transverse instability of the original front solution has already
caused the formation of spiral-vortex pairs along the front.
The spiral-vortices are identified with the crossing points of
the zero contour lines of the andwv fields. At these points
the normal front velocity is zero. On either side of the spiral-
vortex the front propagates in opposite directions.
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FIG. 9: Nucleation of spiral-vortex pairs in the FHN model.
Each crossing of the zero contour lines of théield (thick
line) and v field (thin line) represents a spiral-vortex that
forms the core of a rotating spiral wave.
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